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I. INTRODUCTION 

The thin magnetic film with uniaxial anisotropy has been for several 

years the subject of intensive research in regard to its application in 

various types of electronic devices. A wide range of rather diverse appli­

cations including balanced modulators (18, 20), parametric amplifiers (18, 

19), and paramétrons (14, 18, 21) have been investigated but by far the 

most intensive work has gone into the use of such an element as a simple 

switching element in digital computer storage and logical systems. Memory 

applications are most numerous (l, 2, 13, 15, 16, 17), although promising 

applications to computer logic (7, 9) have also been proposed. 

Several small film memories are now commercially available and skep­

ticism regarding the feasibility of large film memories seems to be dimin­

ishing. Before such memories are possible on a large-scale basis, however, 

not only must the problems associated with the film characteristics be 

solved, but a clearer understanding of the behavior of the film element as 

determined by the characteristics of the coupling lines must be obtained. 

It is the purpose of this dissertation to examine this latter problem. A 

brief analysis of the general problem is given by Eggenberger (6), but the 

brevity of this analysis leaves many questions unanswered, and, at least 

as far as one important point is concerned, the results presented there are 

in rather direct conflict with those presented in the analysis contained 

herein. 

The analysis given here will consist of a rather detailed examination 

of the switching behavior of a magnetic film as it is influenced by its 

associated coupling lines. Most systems proposed so far use one of two 
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types of "bit gemoetry : 

1. Two-vire drive and sense strip lines enclose a single planar film 

element. This geometry has two primary disadvantages. First, the 

single planar film has, for small bits, a large demagnetizing 

field. Second, substrate thickness may prohibit tight magnetic 

coupling to the lines. 

2. The film is deposited on a polished metallic substrate and single 

drive and sense strip lines are laid over the film. Coupling is 

improved, but the demagnetizing field problem still exists and 

image currents flowing in the metallic substrate ground plane may 

contribute a detrimental d-c field if repetition rate is high. 

The type of geometry to be examined here is illustrated in Figure 1. 

Rather than sandwiching one film between two-wire lines, two films sandwich 

single lines, the two exterior ground planes forming the return path. This 

geometry has several advantages. First, if the films are closely spaced, 

an essentially closed flux path is provided, reducing the demagnetizing 

field problem. Second, since essentially all flux passes from film edge 

to film edge, little flux penetrates the ground planes, so that nearly all, 

eddy-current loss occurs in the center lines which may be made very thin. 

Third, a three-conductor strip line of this type not only reduces radiation 

problems because of the ground-plane shielding, but also minimizes the 

image-current problem described above under 2, since any symmetrical cur­

rent components flowing in the two ground planes tend to produce fields 

which cancel near the center of the line where the films are. Fourth, the 

substrate thickness does not limit the coupling of film flux to the central 
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Figure 1. Coupled-pair geometry 
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lines. Thick substrates do, however, increase the characteristic impedance 

of the line, necessitating higher drive energy for a given drive field. 

In order to simplify calculations, both drive and sense lines are as­

sumed to have a width of b meters. Also, no separate "write" or "word" 

line to provide a restoring field is included, it being assumed that the 

sense line may also perform this function. The analysis to follow is not 

invalidated by violation of these conditions, but some simplification is 

achieved and, practically speaking, the assumed conditions may indeed be 

quite appropriate in a particular application. 

It may be noted that, in Figure 1, the film itself is somewhat larger 

than the common area of the crossed lines. However, if the films are 

placed quite close to the lines, drive and restore fields will have suffi­

cient magnitude to cause magnetization rotation in only this smaller re­

gion, resulting in an effective film size equal to about this common area. 

Therefore, in the analysis to follow, the effective film size will be as­

sumed to be b meters by b meters. The spacing between films is d meters, 

drive and sense line thicknesses are c meters, and film thickness is f 

meters. 
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II. ENERGY TRANSFER ANALYSIS 

The basic problem to be considered is as follows : For a given drive-

line current and corresponding drive field, how much energy is coupled in­

to the sense line ? Strictly speaking, it is not just the amount of energy 

that is desired, but the speed of delivery and the voltage waveform, these 

quantities implicitly giving the energy if the sense-line characteristic 

impedance is known. It is these quantities that will therefore be sought 

in the analysis. The several fields which influence film switching are as 

follows : 

1. The drive field produced by the drive-line current. This is a 

known quantity and will be assumed to be a step function, i.e., 

to have a zero rise time. 

2. The shielding field which seeks to keep the normal component of 

magnetic flux density at a conductor surface constant when the 

applied magnetic flux density has time variation. This is an in­

ductive effect which implies no energy loss, since it will tend 

to restore the magnetization to its remanent state if the drive 

field is removed. 

3. The eddy-current field which results from the electric field in­

duced in the conductor when the conductor is pierced by a time-

varying magnetic flux density. This field is proportional to the 

time rate of change of the flux density, and is therefore a re­

sistive effect, representing energy loss. 

4. The back-emf field resulting from current induced in the drive 

line by the time rate of change of the magnetic film flux linkages 
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about this line. If the line characteristic impedance properly 

contains the effect of the film inductance, this field is included 

in the drive field and is negligible in any event. 

5. The sense-line field resulting from current induced in the sense 

line. Since the sense-line impedance will be at least a few ohms 

and since the equivalent eddy-current resistance representing 3 

above is a small fraction of an ohm, as the analysis will show, 

this field represents much less energy loss than the eddy-current 

field and is therefore negligible. 

A. Relaxation Time Analysis 

In order to ascertain the effect of the shielding field it is neces­

sary to know over what time interval it is effective, i.e., it is neces­

sary to know its "L/R time constant". A simplified model will be used to 

determine this quantity. Consider the strip line whose cross-sectional end 

view is shown in Figure 2. If a remotely generated magnetic field of mag­

nitude Bq is applied as a step function in the direction shown, the z-di-

rection fields are as shown in Figure 2(a). A flux density in the y-di-

rection will also be present in order to preserve continuity of B, but 

this is not shown. Since no flux may exist within the conductor at time 

t = 0, the component of magnetic flux density produced by the conductor 

within the conductor is B in the positive z-direction, as shown in Figure 

2(b). Within the conductor, by Maxwell's equations neglecting displacement 

current, 
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V x£ = V X I'5L2L£) = I RV l'v • HI - V2 HI 
 ̂ U 0 — — 

»  -  -  V ^ H = - —  
a - |ia - at 

 ̂1 - HO (1) 

Within the conductor, B̂ , = 0, B/dx = 0, so the equation for B_ reduces to 

d2B A ÔB 

( 2 )  

Outside the conductor, 0=0, so, once again neglecting displacement cur­

rent, 

A d2B 
 ̂+ —§ = 0 (3) 

dy2 ôz2 

These components of B are those contributed by the presence of the conductor 

and do not include the applied field -â ,BQ. The initial condition on Equa­

tion 2 is: 

BZ (y, z, 0) = BQ (4) 

Two solutions to this problem will be considered, one for c » b, the other 

for b » c, i.e., one with the applied flux tangential to the strip line, 

the other with the applied flux normal to the strip line. 

1. Applied flux tangential to strip line 

If c » b, the initial flux distribution runs parallel to the long 

dimension of the strip line. Two boundary conditions on Equation 2 are 
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Bg, (- t/2, z, t) = 0 

Bz (b/2, z, t) » 0 (5) 

The 'boundary conditions at z = + c/2 are more complex "because of continu­

ity requirements at these surfaces, "but since c » "b, the flux pattern re­

laxes almost entirely in the lateral direction, so that only variations in 

the y direction need be considered. The validity of this statement will 

be more apparent after completion of the next section. 

If z variations may be neglected, the solution to Equation 2 and 

boundary conditions given by Equations 4 and 5 obtained by separation of 

the variables may be written as 

4B 2 2 

b (y,  t )  = ZT m S i n  !F C o s  ?  ̂  "2* (6) 
z * m m  ̂ b ti a 

The time constant of longest duration is that for m = 1, and it is given 

"by 

M 
It 

For copper l/2 mil thick, T is 
' ' max 

T = 1.19 nanoseconds (8) 
max x ' 

This time constant is valid for applied fields tangential to the strip-

line surface. In the physical situation under consideration, such a field 

is the drive-line field as applied to the sense line (see Figure l). Thus, 

for l/2 mil copper lines, the drive field should essentially penetrate the 

sense line and be applied to both films after about 2 nanoseconds. 
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2. Applied flux normal to strip line 

If b » c, the initial flux distribution within the conductor is 

normal to the strip-line top and bottom surfaces. The solution to Equa­

tion 2 is considerably more complex in this case, since simple boundary 

conditions such as those given by Equations 5 do not apply. A rigorous 

solution would consist of finding a solution to Equation 2 within the con­

ductor and matching it at the boundary to a solution of Equation 3 outside 

the conductor. Such a solution is quite complex and will not be attempted 

here. Rather, since the dominant time constant is determined, as in the 

previous case, by the lowest order component of 3̂ , a one-term solution to 

Equation 2 will be postulated and matched to a one-term solution of Equa­

tion 3. Such solutions will not match the initial condition given by E-

quation 4, but should permit a good determination of the dominant time con­

stant of the system. A solution to Equation 2 valid within the conductor 

is: 

A is an arbitrary constant, and c' is a fundamental interval on z greater 

than c and the value of which must be determined. Such an interval permits 

continuity of Bz at the conductor surface. The solution to Equation 3 is 

quite complex at large distances from the conductor because of the cy­

lindrical boundary conditions, but, for z slightly greater than c/2 it may 

2 
\(y, z, t) = A Cos 2Z Cos yy exp (- 2- t ) 0) 

where : 

(10) 
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"be approximated by: 

Bz = C Cos SL exp (- ~) exp (- ̂  t) (ll) 

•where C is an arbitrary constant. Equation 3 does not fix the exponential 

time behavior given in Equation 11, but it must be of the same form as 

that of Equation 9 if solution matching is to be effected. 

At z = c/2, both solutions must be equal because of continuity. This 

leads to 

A Cos — = C exp (- 22) (12) 
2c' dD 

Also, at y = 0, c/2 = z, an application of the divergence equation V • B = 

0 shows that: 

dBz 
TE 3T I M 

z = c/2 - z = c/2 + 

This leads to the relationship 

(2-r) A Sin ZL2 , (2) C exp (- §) (ll) 

Division of Equation 14 by Equation 12 results in 

(15) 

This transcendental equation has no general solution, but, assuming 

c'/b « 1, 
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it C/%/ c • 
2c' ~ ;D 

or 

c ' = 7; be (16) 

so that c ' is approximately the geometric mean of b and. c, and. since b » c, 

the original assumption is justified.. Using this value of c', Equations 9 

and. 10 yield 

ra + te 
b 

For b = 10 mils, c = l/2 mil, Equation 17 yields 

T = 37.4 nanoseconds (18) 
max x ' 

Thus the time constant for flux normally penetrating a thin conductor is 

much greater than that for flux tangentially penetrating a conductor of the 

same thickness. This means that even though the strip lines are thin e-

nough to permit the drive field to quickly penetrate the sense line and 

drive both films, the flux coupling the two films, which attempts to pene­

trate the conductors normally, may not do so, but may instead "wrap around" 

the conductors. 

In concluding the analysis of inductive relaxation effects, it should 

be emphasized that only the z components of magnetic flux density have been 

considered. The other components could possibly have been found by further 

application of Maxwell's equations, and other solutions valid outside the 

conductor could also be determined so as to obtain better understanding of 
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the way in which the flux lines "wrap around" the conductor until penetra­

tion is effected, but the complexity of such further analysis and the mar­

ginal value of information obtained by such analysis for the problem at 

hand makes the prospect rather unattractive, and it will not be done here. 

Mow that the effect of conductor geometry on inductive relaxation time 

is known, the switching field analysis will be performed. Because the 

general problem is quite complex, the two limiting cases of zero relaxation 

time and infinite relaxation time will be analyzed separately. Relaxation 

time here refers to that corresponding to normal flux penetration. An in­

telligent prediction of the performance of a physical logical element should 

then be possible since the previous relaxation-time analysis should permit 

judgment as to which of the two cases is most indicative of the physical 

situation. 

B. Case 1 - Zero Relaxation Time 

In this case the time-varying flux coupling the two magnetic films is 

assumed to penetrate the thin strip lines instantaneously, inducing eddy 

currents which in turn cause resistive losses in the conductors, this en­

ergy loss evidencing itself as torque applied to the film magnetization M. 

The first step in performing the analysis is to examine the nature of the 

actual flux distribution penetrating the conductors. Since zero relaxation 

time is assumed, slowly-varying fields are Implied, and static field analy­

sis will give this distribution. 

Refer to Figure 3, The flux piercing the conductor, assumed to lie 

midway between films, emanates from the four film edges perpendicular to 
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Figure 3. Line pole model for calculation of flux density 
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the plane of the paper if single-domain films are assumed. These edges 

will be approximated by infinitely long line magnetic poles, each having 

a pole strength of p webers/unit length, as indicated, p will depend on 

the component of magnetization M perpendicular to the film edge and on the 

film thickness f. This infinite-line approximation is in fact quite good 

for close film spacings, the error occuring at the near and far conductor 

edges, the conductor being b meters in width and running in the x direc­

tion. The line pole approximation represents an idealization, of course, 

since in actuality the flux will emanate from a distribution of free poles 

in the vicinity of the film edges. Both these idealizations will tend to 

cause calculated energy loss to exceed actual energy loss. 

At an arbitrary point x along the center line shown in Figure 3, the 

normal flux density B̂  is given by 

B = JL • + JL . iL 
T 2rtr 2r 2itr 2r 

=3m ,J, (§)*] (19) 

This calculation has included the contribution of only the one pair of 

infinite lines at x = 0, but for any reasonably close film spacing the 

other pair make an extremely negligible contribution to the flux density. 

Appendix A gives the exact expression including all four lines and also 

gives the total flux coupled between adjacent poles. It is shown that, 

for b/d greater than about 5, at least 90 per cent of the flux emanating 

from a given pole closes on its adjacent neighbor, substantiating earlier 

remarks concerning the ability of the coupled pair to minimize 
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demagnetizing field effects and eddy current losses in the exterior ground 

planes. 

The functional form given in Equation 19 is not a particularly con­

venient one for use. It will therefore be approximated by the form shown 

in Figure 4 along with that given by Equation 19. This approximation is 

^ f>*2r  M <1 
f 
V, 0 |x I > | (20) 

At x = 0, both form should have the same peak value, implying that 

a =a ltd (21) 

Note that the integral over all x of the function given by Equation 20 is 

equal to p, which says that the total flux represented is equal to that 

emanating from the top line pole and closing on the bottom line pole, a 

logical result. 

The net result is that the flux distribution assumed to exist because 

of the proximity of adjacent film edges to a centrally located thin con­

ductor is that given by Equation 20. 

The eddy-current analysis will now be performed on the following 

basis; The flux distribution given by Equation 20, centered at x = 0, will 

be considered to be applied normally to a thin conductor, as shown in 

Figure 5. Region 1 is the region in which the flux is applied, Region 2 

is the region where no flux is applied. Maxwell's equations will be used 

to calculate the current densities resulting from this distribution, these 

densities will be squared and interpreted in terms of power loss, and this 

loss will be used to describe the damping field affecting film switching. 
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Figure 4. Normalized flux density between coupled film pair 
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The appropriate equations to be solved are 

i = 0 (22) 

V x i = - cr (23) 

•where i is the vector current density, in amperes/square meter. Since 

only resistive effects are being considered, it is permissible to assume 

a particular type of time variation of the applied field, namely 

This particular form for 33̂  implies a "constant-voltage" drive and the re 

suiting eddy-current distribution, as would be expected, is constant with 

time. This is not a restrictive assumption, since, if resistive effects 

predominate, the equivalent eddy-current resistance found for this type 

of drive field may be used to find instantaneous power loss for an arbi­

trary time variation of B̂ . 

Assuming B̂  to he applied in the positive z direction, Equations 22 

and 23 become 

BT(X, t) =[~Ŷ  Cos2 ~ ]t => B0(x)t (24) 

where p/£ff is a constant time rate of change of the linear pole density. 

d2i d2i &2i 
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nv o7. 

Bi Bi 
x a z 

5z~ sr 

3T-3F = 

c B (x) , Region 1 
o 

, Region 2 (26) 

1. Current distribution in Region 1 

A general solution to Equations 25 in Region 1, using appropriate 

boundary conditions, is 

i « 2ÎZ 2L* A Sin 2-22- Cos Cosh (3x 
x m n mn b c 

i = ZZ ZH B Cos M Cos — Sinh Px 
y m n mn b c 

i = 2-u Z2 C Sin ̂  Sin — Sinh px 
z m n ran b c (27) 

where 

_ («,2 (mt)2 
xb vc 

This solution may be broken up as follows : 
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V ZX Sin ™ Cosh 2S + £  Z 3  A Sin ™ Oos 

m m rxo 

i = 2ZJB Cos ™ sinh ̂ +72 2ZJ B COS — Cos ̂  sinhPx 
> V m0  ̂ b n m c 13 

+ 22 ]C Cnm Sin iF Sin IT Sinh Px 

m rP»o 

(28) 

For very thin conductors, intuition tells us that i will approach zero, as 

will variations with z, i.e., x and y currents will approach uniformity a-

crcss the cross-section as c goes to zero. This means that the double 

series in Equations 28 will become negligibly small for small c and a good 

approximation to the actual current distribution is given by only the left-

hand terms of Equations 28. It must be noted, however, that this is an 

approximation, since in the presence of a time-varying B , as is the case 

for the physical situation under examination, by the curl equation, 

This means that, although B̂  and ÔB̂ /Ôt become very small f or very thin 

conductors, they are not zero, which in turn means that i and variations 

with z are also not zero. The reason for emphasizing this approximation 

is that some difficulties are encountered in applying the current conti­

nuity equation if this is not kept in mind. An alternative integral form 

of the continuity equation will be used to circumvent this difficulty. 

Applying V • i = 0, the current continuity equation, to the exact 

general solution given by Equations 27 results in 

di di ÔB 
(29)  
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Amo " Am <30> 

Now using the approximate solution described above and combining it with 

the curl Equation 26, the solution to Equations 25 and 26 (remembering 

that the thin-conductor approximation causes violation of current conti­

nuity at some boundaries) is 

V " 72 Am Sin TF Cosh IT + VB0(x)y 
m 

rX (31) 

V= 
y \a Cos Sinh - k a f B (x)dx 
t—* m b b 2 1 ox 
m v 

o 

where k̂  and kg are arbitrary constants and the 1 subscripts indicate cur­

rents in Region 1. One relationship between k̂  and k̂  may be found by re­

applying the curl of Equation 26, resulting in 

- KGO By(x) - KX a  BQ(X) = - a  BQ(X) (32) 

k-L + k2 = 1 

2. Current distribution in Region 2 

For positive x, the fact that the current densities must go to zero 

as x goes to infinity results in a solution of the form 

m (33) 

\2 =  Ç 'Bm C0S iF (-TT> 

The fact that the Fourier coefficients are equal in magnitude and opposite 
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in sign results once again from application of the current continuity e-

quation. Since no applied field exists in Region 2 none of the previous 

problems regarding setting i equal to zero occur here. 

3. Matching boundary conditions between Region 1 and Region 2 

Evaluation of the constants and may be accomplished by noting 

that, at x » a/2, the boundary between Region 1 and Region 2, both i and 

i must be continuous, the first because the normal component of current 

flowing across the boundary must be continuous, the second because an in­

tegration of electric field about a path slightly within Region 1 encloses 

the same flux as an integration about a path slightly outside Region 1, 

implying continuity of electric field tangential to x =» a/2 and conse­

quently implying continuity of i . Employing these conditions results in 

S V*" ?C o s h  =£+wi* = 
m~ m 

a 

o 

L -V» T « t- Ir > (34) 
m 

Rearranging gives 
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W i * - Z [ - \ C o s h i f "  S l n ? •  

fcSinS 
4-J m t 

a (35) 

Vj Bo Wax = Z] :Vinh Sg + ex, (- =)] Cos HE -

S v== T 
m 

Equation 20 indicates that BQ(a/2) = 0, implying C_ = 0. Define 

a 

Ka=l Bo(x)dx (36) 

•which says that 

V Ka " C Dm Cos lF ' kl <1 (37) 
m 

This means that the D 's are just Fourier cosine square -wave coefficients, 

given "by 

4k a K 
Dm " "i7̂  S1™ f (58) 

Equations 35 then yield the relationships 

-ABCosh=+Bme^(- = ) = 0 

(39) 

The solution to these equations is 
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m m rt P 

4k0 a K 

\  ̂ f 

The final solution for the current densities is 

4k OK 

(40) 

It 

4k OK 
2 a y 
jt L 

m 

4k0(TK r 2 a r it L 
m 

4knoK 2 a 

»x 

1x2 

k̂  and kg remain to he evaluated. This may he done by noting that the 

total x-direction current flowing across the half-plane given by x = 0, 

y > 0, is equal to the negative of the y-direction current flowing across 

the half-plane given by y = 0, x > 0. This relationship is used in Ap­

pendix B with the result 

k^ = 0.702 (%f kg (42) 

which, when combined with Equation 32 yields 

k .—ps_ 
(b/a) + 0.702 

(43) 

(b/a)2 + 0.702 
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4. Power calculations 

Mow that the current densities throughout the conducting region be­

tween a pair of film edges are known, it is possible to find the power 

dissipation represented by these current densities. The appropriate ex­

pression for power dissipated within a conducting volume V of conductivity 

a is 

=JJ( ; \ \ ̂ Iix2 + iy2 + v1 dT (W 

V 

In this case, since î  is assumed to be negligibly small, implying uni­

formity of ix and î  in the z direction, the expression becomes 

a _b b 

2 
C2  f2  f00  (2  

r j  J  ( V  +  +  J  ^  +  \  •y2 )<3y<3x (45) 
a o 
2 

The factor of eight occurs because the volume considered represents one-

eighth of the power loss, remembering that there are two pairs of film 

edges causing eddy currents in the line. It has been assumed that the two 

pairs of film edges are remote enough so that negligible overlapping of 

eddy-current patterns occurs. The first term within the brackets in Equa­

tion 45 represents power loss in Region 1 and the second term power loss 

in Region 2. 

Evaluation of the integrals in Equation 45 is a matter of straight­

forward, if tedious, integration. Some benefit is gained by integrating 

with respect to y first, since the orthogonality of the sine and cosine 

functions in Equation 45 over the interval 0 < y < b/2 eliminates many 
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undesirable cross-products. When the integration is accomplished, the 

result is 

IGk̂ KVc yl+expt-BE, 

P- 3 3 Sln 2~ 
it m m 

+ 64kiW a'a n S ^ L  s i n  f )  f  s  ( * )  
rt mm J 

Cosh dx 
D 

mm J  *2 T m2 2 J =* % 

a a ° 

+ 4Jt22dbcj k̂  dx + | l̂ Vcj [Bq( x) ]2dx (46) 

•where 

k2x" i Bo(x)dx (47) 

o 

If BQ(X) as given "by Equation 24 is inserted into Equation 46, the result 

is, after simplification, 
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f k l + erof- ̂ ®:"î 

P= ( g ) W 2 ) f ^  Z u  ;s b • 31.' a ( 
^(^'3  ys l n  *  ihS i n  i£ )  r .  -

/ V B5 [4(Va)2 +m2] eXPt" 1 ' 

4kg(b/a) v-iSin ~ rl + exp(- 4(-) - 4(-) exp(-̂ ) , 

m m 3  2 ( b / a )  m i t  [ m 2  +  4 ( - ) 2 ]  J 

} 0.0733k. 0.0625k. 2(-) 

+ (48) 

I k2 

The quantity (pb/AT) is the constant time rate of change of the total mag­

netic flux emanating from one of the film edges and may therefore be con­

sidered to be the "driving voltage" ê  supplying the eddy-current power 

loss. This leads to 

2 

(49) 
e e 

or 

Re  -  ̂  (50) 

where Rg is the equivalent eddy-current resistance seen by the film driv­

ing voltage ê  and is implicitly given by Equation 48. Mote that Rg is a 

function of only the conductor thickness c and the ratio b/a, since k̂  

and kg are also functions of this ratio (Equations 43). cRg is plotted 

in Figure 6 for copper conductors as a function of b/a. 
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Figure 6. Equivalent eddy-current resistance of strip line 
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5. Switching time calculations 

in the previous section a means for obtaining eddy-current power 

loss in a strip line passing between the film pair was found under the 

assumption of zero inductive relaxation time. This work will now be ap­

plied in analyzing the effect of such losses on film switching. The fol­

lowing conditions are assumed to be true: 

1. The particular switching mode to be examined is that where the 

easy direction of magnetization of the film is perpendicular to 

the drive field, i.e., the film is driven in the hard direction, 

causing the magnetization vector to be rotated 90 degrees for 

sufficiently high drive fields. This particular mode lends it­

self well to calculation and experimentation, and the results 

obtained are subject to extension in analyzing other switching 

modes. Note that, in this mode, the easy direction of magnetiza­

tion is parallel to the drive line and longitudinal restore pulses 

may be applied by passing currents through the sense line. 

2. Homogeneous single-domain rotational switching is assumed. This 

is justifiable for small films, since even though eddy-current 

fields are not uniformly applied over the film volume, exchange 

forces and demagnetizing fields will cause the film to maintain 

its single-domain structure, effectively distributing the torque 

over the entire film volume. 

3. The viscous-flow approximation, as described by Smith (22) and 

Olson and Pohm (12) will be used to describe the dynamic behavior 

of the film magnetization. The error encountered in using this 
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approximation comes about "because of partially neglecting mag­

netization precession out of the plane of the film, but the time 

of this precession is.somewhat less than total switching time, 

so the error should not be great. 

The linear pole density representing the divergence of magnetization 

at the film edges perpendicular to the drive line is (see Figure l) 

and that representing the divergence of magnetization of the edges over 

the sense line is 

where © is the angle the magnetization makes with the easy direction in 

the plane of the film, and M is the magnitude of the magnetization vector. 

Differentiating with respect to time we obtain 

p̂  » Mf Cos 0 (51) 

pg » Mf Sin 0 (52) 

dpd 
rr =» -Mf Sin 9 9 

dp 
s 

dt 
= Mf Cos 9 9 (53) 

These time derivatives may now be used to replace p/AT in Equation 49 to 

describe total eddy-current loss in both lines, resulting in 

P = Q) (Sin2 9 + Cos2 Q) 

e 

_ (Mf b 9)2 

R (54) 
e 
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This power loss evidences itself as a torque applied to the magnetiza­

tion vector M. The assumption of homogeneous rotation allows us to con­

sider this torque to be an average torque applied over the entire film 

volume. 

$ 

Tg 9 a power loss per unit film volume 

t.ff 9" 

2b2f 2R 
e 

Te = Ê ® <55) 

e 

Since this torque is directly proportional to 9 it is indeed a viscous 

damping torque and may be described in terms of a dimensionless damping 

constant Ct in the following way: 

T e =  s r  ® =  T "  ®  
e 

«e S IF (*> 
e 

where y is the magnitude of the gyromagnetic ratio (about 2.21 x 10" cycles 

per second per ampere per meter for 80-20 Permalloy). The reason for de­

fining (% this way is to give a comparison with the phenomenological damp­

ing constant a commonly encountered in working with the Landau-Lifshitz 

(ll) and Gilbert (8) equations, as described by Smith (22) and Olson and 

Pohm (12). In the viscous-flow approximation, this damping torque is the 

major factor inhibiting switching and may be set equal to the drive torque 

caused by the drive field. The effective drive torque T̂ , which includes 

the effect of the uniaxial anisotropy, may be found by consideration of 
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the free energy E of the film, given "by: 

E » Sin2 9 - Hd M Sin 9 (57) 

where is a constant describing the uniaxial anisotropy of the film and 

is the magnitude of the drive field. The effective drive torque may 

now be found by differentiating this function with respect to 9. 

Td(9) = H = 21̂  Sin 9 Cos 9 - Hd M Cos 9 

H 
= H, M Cos 9 (Sin 9-̂ ) (58) 

where Ĥ E 2K̂ /M, and is called the anisotropy field. The anisotropy 

field causes a torque in the same sense as the viscous damping torque for 

positive 9, i.e., both tend to oppose the rotation of the magnetization 

vector toward 9 » 90°. Summing torques in the proper sense, 

T + T = 0 
e d 

a M # H 
—— 9 + M Cos 9 (Sin 9 - ̂  ) = 0 

 ̂ k 

Cos 9 (—• - Sin 9) (59) 
e £ 

The time elapsed between application of the drive field and magnetization 

rotation to any arbitrary angle 9̂  is thus 

,.9, ,9, 

t  =  drl r  = -z~ I L \  (so) 
e  f 1  a e V î f 1  a. 
riL J h ° r J :C[6j 

o Cos 9(̂  - Sin 9) o 
ic 

The flux linking the sense line is that flux emanating from the film edges 
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perpendicular to the drive line and is given by 

è a Mf b Cos 9 
s (61) 

The sense line voltage is thus 

a §& Td(©) Sin 9 (62) 
e 

by Equations 58 and 59. In order to evaluate this voltage as a function 

of time it is necessary to solve Equation 60 to obtain 9 as a function of 

time and then to use Equation 62 to find eg as a function of 9. Figure 

7 shows -T./MH. plotted as a function of 9 for various drive fields. 

Rather laborious numerical integration was performed to obtain solutions 

to Equation 60 from the curves of Figure 7 and then to calculate eg from 

Equation 62. The results of these calculations are shown in Figure 8. 

The very long tail on the voltages occurs because, as 9 approaches 90 de­

grees, the drive torque and with it the sense line voltage approaches zero. 

This analysis gives the sense-line voltage for the limiting case of 

zero inductive relaxation time for the shielding fields. The analysis to 

follow will indicate the type of switching to be expected in the other 

limiting case, i.e., when the inductive relaxation time is infinite. 

C. Case 2 - Infinite Relaxation Time 

If the flux penetration time constant as given in Equation 17 is very 

long with respect to the film switching time, the flux pattern within the 

conductor is not permitted to change appreciably during film switching. 
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Figure 7. Normalized effective driving torque versus 9 
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In other words, the flux penetrating the conductor before application of 

the drive field is "trapped" during switching, while any flux lines the 

film attempts to force through the conductor are repelled at the conductor 

surface. It is important to note that fields affecting film switching 

caused by this effect do not represent energy loss, since if the drive 

field is suddenly terminated, these fields tend to restore the magnetiza­

tion to its original state, returning the stored energy to the system. 

An attempt will be made here to calculate approximately the effects 

of such "trapped-flux11 fields on film switching. The method will be as 

follows: the presence of the conductor will be considered to contribute 

the same effect as if a variable source of magnetic flux were positioned 

under each of the film edges at the conductor surface. The flux density 

produced by these sources will be such as to satisfy the proper boundary 

condition at the conductor surface, i.e., to maintain the normal component 

of flux density at the same value as it was before magnetization rotation 

began. 

The first step is to determine the flux density each of these sources 

should have. Figure 4 gives the infinite line pole flux distribution cal­

culated from Equation 19. Since only rough estimates are desired from 

this portion of the analysis, a cruder approximation than that given in 

Figure 4 will be used here. The actual flux distribution given by Figure 

4 will be represented by a uniform distribution 2d in width centered at 

the plane connecting film edges, as shown in Figure 9. Only one film is 

considered. The film considered to be in a remanent state and the flux 

emanating from the film edge is considered to penetrate the copper in a 
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Figure 9. Model for calculation of trapped-flux field 
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uniform distribution, leading to a source flux density equal to p/2d, 

•where p is once again the linear pole density representing the film edge. 

It is now necessary to calculate the tangential field in the plane of the 

film caused by this pair of sources with the film absent. Once again the 

infinite line pole concept will be used, making the two sources infinite 

in extent perpendicular to the cross section of the conductor. For the 

right-hand source, 

= (p/2d)te 
2wor 

zb/2 + d 

H (%') = -2— 
t 4rtdn 

o J 

(x - x1) dx 

(x - x')2 + (d/2f 

b/2 - d 

p (b/2 + d-x')2 + (d/2)2 

8rtd|io (b/2 - d - x')2 + (d/2)2 

P; ln (1 + 2d/b - 2x'/b)2 + (d/bf 

8mo (1 - 2d/b - 2x'/b)2 + (d/b f 

% 1% (1 + 2d/b - 2x'/b) + (d/bY 
8Jtb[io d _ 2d/b - 2x'/b)2 + (d/b f 

= 8dbir d/b) (63) 
o 

Because of symmetry, the field due to both sources, denoted by Ĥ ,, is 

simply the sum of evaluated at equal-magnitude, opposite-sign values 
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of the argument x', so that, with p = Mf for a film in a remanent state, 

This quantity is plotted in Figure 10 for various values of d/b. Also 

shown in Figure 10 are the average values of each of the curves over the 

film surface. These average values represent the effective trapped-flux 

field under the assumption of homogeneous rotation. 

It is now possible to calculate the effective torque produced by the 

trapped-flux field. Refer to Figure 11. The four solid rectangles are 

the four flux sources under the film edges. A check of the values of B_ 

given will show that each has the proper value to keep the normal flux 

density at the conductor surface at its proper value, i.e., zero under 

the top and bottom edges and Mf/2d and -Mf/2d under the right- and left-

hand edges, respectively. The torque caused by these sources is 

This torque, like the eddy-current torque of the previous section, opposes 

rotation of the magnetization for 0 < 6 < it. 

The question arises as to how any voltage may be induced in the sense 

line if the two crossed conductors repel the flux attempting to penetrate 

them. Even though this does occur, the conductors are of finite width 

and the flux simply "wraps around" the sense line. The output voltage will 

Ht = 3.17 x 104 (jp) [F(x', d/w) + F(-x', d/w)] (64) 

(65) 
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Figure 10. Tangential trapped-flux field in plane of film 
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Figure 11. Top view of model for trapped-flux torque determination 
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probably be lessened, however, since some of the flux emanating from a 

given film ed̂ e will Lenainate ou Lhe opposite edge of the same film ra­

ther than couple across to the other film because of this distortion in the 

flux path. 

As a sidelight, it is interesting to note that this analysis would 

be applicable to the study of an inductive non-destructive read-out method 

such as that proposed by L&ughton, Smay, Pohm, and Read (4). 

D. Summary of Analysis 

Upon the application of a drive field, the predominant field inhibit­

ing film switching would be the lossless trapped-flux field. If the in­

ductive relaxation time were significantly long, appreciable magnetization 

rotation could occur before resistive effects become important. Once the 

film flux has penetrated into the conductor, magnetization rotation would 

slow down and resistive eddy-current effects would predominate. 

Note that the trapped-flux torque given by Equation 65 is zero 

initially and increases to a maximum of MĤ  at 0 = 90°. This means that 

the film could switch through an appreciable angle 9 before eddy-current 

effects begin to inhibit rotation. This statement is further supported 

by noting that the trapped-flux field, is for practical bit geometry, 

on the order of 100 or 200 ampere-turns/meter, which would probably be 

somewhat less than the drive field. Thus, unless the conductors are made 

very thin, probably much less than 0.1 mils, eddy-current damping will 

play a subordinate role and the trapped-flux field will have only a mod­

erate effect, meaning that the film response will be quite dependent on 

the rise-time of the line driving source. 
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III. EXPERIMENTAL RESULTS 

The preceding analysis describes the effects on film switching con­

tributed by the lines coupling the film element. This section will de­

scribe attempts made to experimentally verify the analysis. A sample bit 

was constructed having the following dimensions: 

b = 25 mils = 6.55 x 10 4 meters (66) 

c = 0.5 mils = 1.27 x 10 ̂  meters (67) 

d - 2 mils = 5.08 x 10 ̂  meters (68) 

The two films were physically about 100 mils square, but, as indicated 

previously, the effective switching area is determined by the range of the 

drive field and, for tight coupling, is about equal to the common area of 

the crossed drive and sense lines, i.e., about 25 mils square. The film 

was of 80-20 Ni-Fe Permalloy, having a coercive force Hc of about 1.5 

oersteds (120 ampere-turns/meter) and an anisotropy field of about 3.5 

oersteds (280 ampere-turns/meter). The film thickness f was difficult to 

determine with the limited equipment available, but was estimated to be a-

-7 
bout 2000 A (2 x 10~ meters). 

The experimental system is shown schematically in Figure 12. A 

Tektronix type 110 pulse generator and trigger takeoff system supplies 

current pulses having rise-times of about 0.35 nanoseconds through a 

Tektronix type 113 delay cable to the drive line, "which is about one centi­

meter long and shorted at its terminal end to the sandwiching ground 

planes. Because of this shorted termination and the short line length, 
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Figure 12. Simplified schematic diagram of experimental system 
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the actual drive current is about twice the incident current. The sense 

line signal is displayed on a Tektronix type 543 oscilloscope using a 

type II plug-in sampling unit having a rise-time of about 0.6 nanoseconds. 

After each drive pulse a Hewlett-Packard model 212A 50-ohm pulse generator 

supplies sense-line current pulses of sufficient magnitude and duration 

to restore the film magnetization vector to its remanent state whose easy 

direction is parallel to the drive line. 

Figures 13 and 14 show oscilloscope photographs of the actual sense-

line signals. The lower trace on each photograph of Figure 13 is the 

sense-line output with no restoring current applied and it indicates the 

amount of noise present. Figure 13 shows the detail of the low-level por­

tion of the switching waveform, "while Figure 14 shows the peak amplitude 

of the switching signal for drive fields of Ĥ , 2Ĥ , 3Ĥ , and 4Ĥ . 

For the particular dimensions given above, Equations 17, 50, and 56 

yield the following results : 

T = 93.5 nanoseconds (69) 
max x ' 

Rg = 5.45 x 10 3 ohms (70) 

G = 4.04 (71) 

The time constant given by Equation 69 is much longer than the film switch­

ing time, and the infinite-relaxation-time calculations are much more ap­

plicable than the zero-relaxation-time calculations. Since very little 

flux penetration occurs during switching, eddy-current losses have little 

effect, and the only switching field contributed by the presence of the 

conductors is the trapped-flux field given by Equation 64 and Figure 10. 
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The torque produced by this field is given "by Equation 65. For the dimen­

sions of the experimental sample, Figure 10 yields approximately 

ave = 96 ampere-turns/meter (72) 

This field adds directly to for small angles of magnetization rotation, 

explaining the low signal level of Figure 13(a), since this makes the ef­

fective about 35 per cent higher than the given value of 280 ampere-

turns/meter. This means that the drive field corresponding to Figure 13(a) 

is large enough to cause magnetization rotation through only a fraction of 

the predicted value of 90 degrees. In fact, since the trapped-flux torque 

increases to a maximum at 9 = 90 degrees, "while the anisotropy torque 

reaches a maximum at 9 = 45 degrees (see Equation 58), the trapped-flux 

torque has a more profound effect at large values of 9 than does the ani­

sotropy torque. 

The switching analysis performed to examine the effects of eddy-cur­

rent damping is also valid when eddy-current damping is negligible if the 

eddy-current damping constant (% is replaced by the phenomenological damp­

ing constant (X, which has a value of about 0.02 for 80-20 Permalloy. The 

viscous-flow approximation is not as good for such low damping because 

magnetization precession out of the plane of the film is less negligible, 

but fair results may be obtained, the error being in the prediction of 

faster switching times than those physically observed. Dietrich, Proebster, 

and Wolf (5) show, for example, that experimental switching times for films 

driven in the hard direction by a drive field equal to 2.35 are about 

1.2 nanoseconds, whereas Figure 8 would predict a switching time of about 
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0.8 nanoseconds. Thus the switching curves given in Figure 8 may be used 

to predict approximately the switching behavior oi a film as it is deter­

mined by its own internal damping. For d = 0.02, referring to Figure 8, 

t = _SL + = °-02 t 
rHk (2.21 x 105)(280) N 

= 0.323 tjj, in nanoseconds (73) 

yfiMĤ b 

es = a e
SN 

= (2.21 x 105)(2 x 10"7)(280)(6.35 X 10"4) 

0.02 
6 sl'l 

= 384 ê  , in millivolts (74) 

Using these values with Figure 8, and making a comparison with Figure 13 

and Figure 14, it may be seen that the predicted switching-time values are 

too low. This is partially due to the error of the viscous-flow approxi­

mation, but an even greater error results because the waveforms of Figure 

8 do not include the effect of the trapped-flux torque. This torque has 

negligible effect at small values of 9, but has a very significant effect 

as 9 becomes large, since, for 9 near 90 degrees, the trapped-flux torque 

is the only externally-applied torque influencing switching. Thus one 

would expect the initial portion of the switching waveform to be similar 

to that predicted by Figure 8 with Ci - 0.02, but the latter portion of 

the waveform to exhibit the effects of the trapped-flux field, i.e., to 

be sustained for a substantially longer time than that predicted by Figure 

8. This general behavior may be observed in Figures 13 and 14, where the 



www.manaraa.com

53 

switching times are about 3 or 4 nanoseconds, and the presence of the 

trapped-flux field is verified by the long tail on the waveforms, this 

being especially evident in Figure 13(c). 

It would be possible, of course, to add the expression given by Equa­

tion 64 for the trapped-flux torque into the expression for the drive 

torque given by Equation 58, to obtain a new set of torque curves similar 

to those of Figure 7 and to use these curves to calculate the appropriate 

switching waveforms. As mentioned before, however, the numerical calcula­

tions used to obtain the switching curves of Figure 8 were quite laborious, 

and the fact that torque curves including the trapped-flux torque would be 

considerably less linear than those of Figure 7 indicates that the only 

reasonable way of performing the calculations would be on a digital com­

puter. It is anticipated that this work will be performed, but it will 

not be included here. 

An additional effect not previously considered may also partially ac­

count for the fast switching portion of the experimental waveforms. Ref­

erence to Figure 10 shows that, for very close film spacing, the trapped-

flux field exerts a considerably stronger influence near the film edges 

than near the center. This means that, for large enough bits, the trapped-

flux field may "lock" the portion of the film near the edge, causing the 

effective film area to break up into edge domains which remain fixed in 

the presence of the drive field and a central domain whose magnetization 

may rotate quite freely in the presence of the drive field. It must be 

emphasized that this will occur only for larger bits, since exchange 

forces and demagnetizing fields resulting from multiple domain formation 
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will tend, to preserve the single-domain integrity of a smaller bit. A 

detailed analysis would be necessary to determine the bit size above which 

this effect would be important, but it is estimated that the 25-mil size 

used in this experiment is probably right on the borderline. Thus this 

effect could also account for the initial fast switching. However, since 

10-mil bits are considered to be a practical size for memory and logical 

elements, this effect should be avoidable. Limited fabrication facilities 

prohibited the use of 10-mil elements in this experiment. 

To verify that the zero-relaxation-time analysis is not applicable 

in this case, the value of (% given by Equation 71 may be used to compute 

the unformalized time and voltage scales in Figure 8 with the result 

t = 4 tl,= (2.21 x 105)(280) TFI = 6'49 X 10 8 T,R> 

= 64.9 t , in nanoseconds (75) 

rfMĤ b 

6 s = ~ esN 
e 

= (2.21 x 105)(2 x 10"?)(280)(6.55 X 10"4) 

4.04 ^ 

= 1.97 egjj , in millivolts (76) 

Thus the zero-relaxation-time approximation would predict, for IL. = 

4Ĥ , for example, a switching time of about 65 nanoseconds and a peak 

sense-line voltage of about 5 millivolts, whereas the actual measured val­

ues given by Figure 13d are about 4 nanoseconds and 80 millivolts, re­

spectively, the discrepancy obviously being quite large. Some discrepancy 
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is to "be expected, due to the flux-distribution approximations made, espe­

cially the representation of the film edges as concentrabed line poles, 

since the actual pole distribution at the film edges is distributed in 

such a way as to minimize losses during film switching and will conse­

quently not lead to as concentrated a flux pattern as that assumed. Another 

slight improvement may be gained by going back to the original equation de­

scribing the dynamic behavior of the film, Equation 59, and using a more 

exact analysis. The Gilbert equation (8) as given by Kikuchi (lO) gives 

a better description of film switching for large damping such as we have 

here. Appendix C shows that if this equation is used along with the analy­

sis given by Conger and Essig (3) and Olson and Pohm (12), the effective 

damping constant becomes 

, a 
a  «  ^  ( 7 7 )  

 ̂(1 + of)2 

which, for the value of (% given by Equation 89, gives 

Of1 = 3.88 (78) 
e x ' 

This represents only about 4 per cent improvement, however, and the large 

discrepancy still exists. 

The net result of the experimental work is that switching behavior 

generally consistent with the analysis is observed. 
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IV. CONCLUSIONS 

1. The coupled-pair bit geometry described in this dissertation ap­

pears to have considerable merit when compared to systems now in use. It 

minimizes such problems as demagnetizing field effects, noise arising from 

radiation of energy from unshielded lines, and spurious image-current fields. 

In addition, although not discussed here, it appears to be quite adaptable 

to mass fabrication, and a study of this problem is now in progress. 

2. The fields tending to oppose film switching contributed by the 

coupling lines must be very carefully classified, i.e., it is important to 

differentiate between inductive or shielding fields and resistive or eddy-

current fields. The two types of fields have markedly different effects 

on film switching. A problem for further analysis would be to analyze the 

general case in vihich both types of fields were considered simultaneously, 

as opposed to looking only at limiting cases, as was done in this disserta­

tion. The fact that the effects contributed by the conductors are linear 

inductive and resistive effects should make the general problem amenable 

to solution even though the film switching behavior itself is quite non­

linear. 

3. Because the drive field produced by the drive-line current is ap­

plied tangentially to the sense line, it will penetrate the sense line 

relatively fast. For example, the analysis contained in this dissertation 

indicates that a tangential field applied to a conductor whose thickness 

is l/2 mil will have a penetration time constant of about 1.2 nanoseconds, 

whereas a normally applied flux density, such as that emanating from the 
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film pair, will have a penetration time constant which is dependent on 

conductor width, as well as thickness. For a 10 rail wide, 1/2 mil thick 

conductor, the calculated value of this time constant is 37.4 nanoseconds. 

4. If coupling lines are fabricated by conventional printed-circuit 

techniques, implying conductor thickness on the order of 1 mil, the domi­

nant field affecting film switching contributed by the coupling lines will 

be the inductive trapped-flux field. The relaxation-time analysis given 

herein may be used to show that, for a 10-mil wide unslotted line, the 

conductor thickness "which will give a relaxation time constant of 1 nano­

second is about 3500 A, implying evaporation fabrication. For conductors 

this thin, the lossy eddy-current field will evidence itself as viscous 

damping on the film magnetization, effectively increasing the internal 

damping constant of the film material, assuming identical drive and sense 

lines. 

5. A well-known method for lessening the effect of coupling lines on 

film switching is to longitudinally slot these lines. The analysis con­

tained herein should permit a more exact determination of the effects of 

such slotting than has been heretofore available, minimizing the neces­

sity for the "cut-and-try" method most commonly used. Even though such 

slotted lines were not explicitly mentioned in the dissertation, the a-

nalysis should give quite good results if each separate division of the 

slotted line is considered individually. 

6. The results of the analysis contained herein are valid only if 

the original assumption of homogeneous rotational switching is valid or 

nearly so. This assumption will be valid for small bit size, but useful 
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information would result from a detailed analysis of the effects of tit 

size on multiple domain formation within the switching element. The re­

sults of such an analysis would not only establish the limits of validity 

for the analysis given here, but would serve as a very useful guide for 

designers of magnetic film logical and storage systems. 
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VII. APPENDIX A 

Coupling Factor of Film Coupled Pair 

If, in Figure 3, both pairs of infinite line poles are used to cal­

culate Brp, the result is 

Bt = i [ " (x - ̂  + (f)2' (79) 

The flux f penetrating the center half-plane given by x < b/2 is the flux 

coupling the two adjacent poles at x = 0. 

'b/2 c b/2 /-b/2 rù/d , b/d çt 

<" b l  7 7 W - 1  

dx 

v» -• -a- -so (x-t)2 + (|)2 

-b/2 /r-b/2 
du 

• * 1  A y ' I  2 . ,d\2 
u + ©' 

=  f -  i t ™ " 1  ! + 1 +  t a r r l  I  - 1 1  

= ̂  toc 1 | (80) 

The ratio of <f> to pb is the ratio of the flux coupling between adjacent 

poles to that emanating from either of these poles and will be defined as 

the coupling factor C. 

C = pb = §  ̂ (81) 

C is plotted in Figure 15 as a function of spacing-to-length ratio -j-. 
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Figure 15. Film-pair coupling factor C versus spacing-to-length 
ratio 
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VIII. APPENDIX B 

Determination of k̂  and 

In Figure 5, let 1̂  be the current flowing within the conductor a-

cross the half-plane given by x = 0, y > 0. 

I ,  -  c  J '  i r i |  *  =  S i n  f j V S  S i n .  a t  d y  

0 

1 
x=0 

rb /2 

' J  
+ k1aBQ(o) I ydy 

4Ŵ 3xp(-2g) __b2 
Sin= + k, CE (C)(H (82) 

« 2  m  m 2  2 1  °  6  

Let Ig be the current flowing within the conductor across the half-

plane given by y = 0, x > 0. 

x / 2  (°° /a/2 

= cj iy| dx-=[j iyl| ax j iy2̂  ax] 

o y=0 o y*0 a/2 y=0 

•fy - ̂  - ?f 
o y=0 m o 

/-a/2 ,x 

U j kgCTc I y BQ(x)dxdx 

o o 

4k cbcrK ' exp( 

-Vs Z_L—ê- Sin r(Cosh F -
jr m m 

S3 

ra/2 /x 

CJ J - kgCc I I BQ(x)dxdx (83) 

0 0 
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/•OO _ _ .00 

ci Va| Z-.(-;)Cosh ÏI Sln FÎ exp (-SS) dx 
a/2 y=0 m a/2 

-4k cbaK —-, . 
= Ç ̂ cosh = Sin Sf exp ( -=) (84) 

Continuity requires that 1̂  = -I . Plugging Equations 82, 83, and 84 in­

to this relationship gives 

2 ra/2 rx 

k1BQ(0)(|-) = kg j j BQ(x)dx (85) 

o o 

Employing the relationship given by Equation 24 for BQ(X), we obtain 

a/2 y-x 
2 f ' f 

kL(â)(r) = kaJ j & c o s 2  f  
O 0 

k 

from which 

pPa , , 

AT 8 + ̂ 2̂  (86 ) 

0.702 (|)2 (87) 

Combining this with Equation 32 gives 

k*= #71^ (88) 

{ l f  
"S = 7̂̂ 2 (89) 
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IX. APPENDIX C 

Summary of Switching Analysis Using the Gilbert Modifi­

cation of the Landau-Lifshitz Equation 

The most commonly used equation for describing the dynamic behavior 

of the magnetization vector M in thin magnetic films is due to Landau and 

Lifshitz (ll) and may be written as 

M = y (M x H) - M x (M x H) (90) 

where y is the gyromagnetic ratio, a is a phenomenological damping constant, 

and H is the effective magnetic field. Gilbert (8) suggested a modifica­

tion of this equation in which the damping appears more naturally in di­

rect proportion to M, and Kikuchi (10) gives the modified equation as 

B  =  r K  x (H - ̂  M) (91) 

Application of vector identities reduces this equation to 

M = p- (M x H)  ̂x [M x (M x H)] (92) 
l + cr l + cr 

This equation is more satisfactory than Equation 90 since it exhibits 

proper behavior for large G, as Equation 90 does not. Since for 80-20 

rii-Fe Permalloy a is about equal to 0.02, Equation 90 and Equation 92 be­

comes essentially identical for this material. However, for the eddy-

current damping described in this dissertation, the two equations are 

quite dissimilar and special precautions must be taken. 

Reference to Equation 56 shows that the torque produced by eddy-

current fields is viscous in nature. This torque may thus be represented 
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by an effective field proportional to © and to M, this field being of the 

same type given by the second term in brackets in Equation 91. Thus, if 

(% , the dimensionless eddy-current damping constant defined by Equation 

56, is inserted in Equations 91 and 92 in place of (%, these equations 

should describe the dynamic behavior of the magnetization. 

Olson and Pohm (12), partially using the analysis of Conger and 

Essig (3), give a solution of Equation 90 for planar permalloy films as 

follows : 

9 * M (5 + a) Ta(6) (93î 

where T is the drive torque given by Equation 58. Mote that Equation 92 

2 
is exactly the same as Equation 90 except that (% is replaced by Cï/l + CZ 

2 
and y is replaced by y/l + 0t . Equation 93 should thus give a solution to 

Equation 92 if these substitutions are made. Replacing (% by (% , 

1 + a 2 a 
g = Ï—_— [ e  +  Ë —  ]  t  ( e )  

(1 + a 2)M e 1 + a 2 d 

e e 

[k* (1 + a 2)2 1 Td<S) <94) 

e 

Equation 94 is equivalent to Equation 59, where the explicit form for T̂  

has been inserted into Equation 59. If we denote by 0̂  the equivalent 

damping constant which Equation 94 tells us must replace (X in Equation 59, 

we obtain 

O1 = 

• 1 + % 
(95)  

(1 + a ^)2 
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